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An Electrothermal Instability in a Conducting Wire:
Homogeneous and Inhomogeneous Stationary States
for an Exactly Solvable Model
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An exactly solvable model of the ballast resistor is considered. Analytic expres-
sions are obtained for the nonuniform stationary temperature distributions and
the corresponding /- ¥ characteristics. A bifurcation point for Neumann bound-
ary conditions is found and its analytic properties are discussed. It is found that
the infinite wire limit plays a role analogous to the thermodynamic limit in
statistical mechanics for equilibrium phase transitions.

KEY WORDS: Electrothermal instability; nonuniform stationary states; ex-
act solutions; bifurcation point.

1. INTRODUCTION

In a previous paper'” we discussed an electrothermal instability in a
conducting wire, the so-called ballast resistor. The resistivity of the wire,
which is surrounded by a gas, is an increasing function of the temperature.
Both the temperature of the gas as well as the electric current 7 through the
wire (or the voltage difference ¥ between the end points) are externally
controlled. Under suitable conditions an instability occurs and the wire can
sustain inhomogeneous stationary temperature distributions. The /- V char-
acteristic corresponding to these inhomogeneous states contains a segment
where the current is constant while the voltage varies.

In this paper we shall consider a special solvable model of the ballast
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resistor in which the resistivity is zero? below a critical temperature 7, and
equal to a constant R, above T,. This system corresponds to the hot-spot
model for superconducting microbridges introduced by Skocpol er al.(?
These authors constructed an explicit solution for the case that the tempera-
ture at the end points is essentially equal to the temperature of the bath and
discuss the relevance of the model in connection with experimental data.
Here we study this system for a different class of boundary conditions for
which the temperature gradient is zero at the end points of the wire
(Neumann boundary conditions). The resulting IV characteristics have a
much richer structure than in the first case (Dirichlet boundary conditions),
containing, e.g., a bifurcation point.

On the basis of the analysis in this paper we shall discuss in a
forthcoming article the stability properties of the inhomogeneous states.

In Section 2 we discuss some general properties of the model. In
Section 3 the stationary temperature distributions are given for Neumann
boundary conditions. An infinite set of periodic inhomogeneous solutions is
found to exist. For each solution an analytic expression is found for the
voltage difference ¥ as a function of the current /. All these solutions
converge in the I-V characteristic to a homogeneous solution in the same
bifurcation point. We also find that the solutions satisfy a symmetry
relation, for which a derivation in a more general case is given in the
Appendix. An analysis along the same lines is given in Section 4 for
Dirichlet boundary conditions. Finally, the behavior for a long wire is
discussed in the last section. It is found that in the limit L — co, where L is
the length of the wire, ¥/ L becomes a nonanalytic function of I for the
inhomogeneous solutions. Thus this limit plays an analogous role to the
thermodynamic limit in statistical mechanics for equilibrium phase transi-
tions.

2. THE MODEL; GENERAL PROPERTIES

We consider a thin wire of length L along which an electric current /
may flow. The wire is surrounded by a heat bath which is kept at the
constant temperature 7. The temperature distribution as a function of the
position and time T(x,t) satisfies the equation

9 3 3
6_87 T(x,t)= 5;)\5; T(x,t)— q[T(x,t)— TB] +1%R for 0<x<L
(2.1

2 If the resistivity is a finite constant smaller than R, rather than zero, the model is still exactly
solvable; see Appendix.
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Here ¢ is the specific heat per unit of length, A is the heat conductivity of
the wire, ¢ is the heat transfer coefficient to the heat bath, and R is the
resistance of the wire per unit of length. In principle all these quantities
depend on the local temperature T(x,1).

In this paper we shall restrict ourselves to the discussion of the
stationary states for which the temperature distribution satisfies

dyd |
A T(x) - g[T(x)— Tg]+I’R=0 (2.2)
In particular we shall consxder the following idealized model:
R(T)= R®(T-T,) (2.3a)
A«T)= 4o (2.3b)
MT)y=2, (2.3¢)

Here © is the Heaviside function, ®(s) = 1 for s > 0 and O(s) = 0 for s < 0.
Equation (2.3a) implies that the wire is superconducting below 7, and has a
constant resistivity above T,. The coefficients ¢ and A are assumed to be
constants.?

Without loss of generality we may take the zero of the temperature
scale at the bath temperature, or equivalently we put

Ty=0 | (2.4)

in Egs. (2.1) and (2.2). Furthermore, we introduce the following dimension-
less parameter instead of the position x:

y=(q/N'?x  with 0< py<(qg/N)’L=y, (2:5)
We also define the following temperature:
T,=1%Ry/q . (2:6)

Using Egs. (2.3)-(2.6), one finds from Eq. (2.2) the following equation for
the stationary states:

— T()’) T+ TL,O(T(y)~T,)= T(y) + o (T)=0 (27)
dy )’

where the “potential” ¢ is defined by
T
&(T) zfo [T,0(r— T.)—r]dr (2.8)

It follows from Eq. (2.7) that the following function is a constant along the

3 It is easy to extend the subsequent analysis to the case that g and A have different values
below and above T,.
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wire‘? in the stationary state:
H =1(dT/dy)*+ ¢(T) (2.9)

The potential may easily be calculated and one finds

qb(T)=Th(T_Tc)@)(T—Tc)_%T2={_%Tz for T< T,
¢ —3(T—T,) forT>T,
(2.10)
where
o =2 Tu(Th = 21.) (2.11)

The potential is parabolic for T > T, as well as for T < T.. The point
T = T, is a common point of both parabolas. We also see that the potential
has one maximum if 7, > 7, = I’°R,/q. If 0 < T, < T,, the potential has
two maxima, at T = 0 and at 7, and one minimum, ¢, = — 1 T* at T,. See
also Fig. 1. The possibility of having two maxima for sufficiently large
values of the current / plays an essential role in our analysis of the nature
of the stationary states.

In order to make the description of the model complete, boundary
conditions at x = 0 and x = L (or alternatively at y = 0 and y = y,) must
be specified. In the following sections we shall consider Neumann bound-
ary conditions.

ar| _dT

= = =0 2.12
dy y=0 dy y=yL ( )

as well as Dirichlet boundary conditions
TO)=T(y)=Tz=0 (2.13)

The latter are usually satisfied in good approximation in ballast resistor
experiments.

T, Fig. 1. The potential function ¢(7T) for three values
of T, = Ryl?/q.
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Along the wire one may distinguish two different regions:
(i) Cold sections, T(y) < T,. In these sections Eq. (2.7) reduces to

d—22 T=T (2.14)

dy

with solutions of the general form
T(y)=Ae”+ Aye™ (2.15)

(i) Hot sections, T(y) > T,. In these sections Eq. (2.7) reduces to

§T=T—T,, (2.16)‘

with solutions of the general form
T(yy=T,+ Aze” + Aye™” (2.17)

The amplitudes 4,, A,, 45, and 4, must be chosen such that at the end
points of the wire the boundary conditions are satisfied. Furthermore, the
cold and the hot sections should be joined together in such a way that Eq.
(2.7) is satisfied also at the transition points y,. This is the case if

T and dT/dy arecontinuousat y=y, (2.18)

Using the conditions specifying the cold and the hot regions and the
continuity of 7, it follows immediately that

T(y)=T. (2.19)

Furthermore, we note that if the amplitudes in Egs. (2.15) and (2.17) are
chosen such that the corresponding temperature distributions give rise to
the same value of H [cf. Eq. (2.9)], then dT/dy is automatically continuous
in view of the continuity of 7 in y,.

In our analysis we also need the expression for the voltage difference V'
between the end points of the wire,

V= fOLR(T(X))I dx=(\/q)""*IRq fo nQ(T(y))dy  (2.20)

Obviously V is proportional to the total length of the hot (T > T) sections
along the wire.

3. STATIONARY STATES FOR NEUMANN BOUNDARY
CONDITIONS

We first give the homogeneous solutions of the equation for the
stationary states, Eq. (2.7). As is obvious from this equation, homogeneous
solutions exist for temperatures such that the potential ¢ has a maximum.
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This leads to one homogeneous solution
T(y)=0 with V=0 (3.1

for all values of T, and therefore of the current. If T, > T, there exists an
additional homogeneous solution

T(yy=T,=1’Ry/q  with V=IR,L (3.2)

Note that both stationary homogeneous solutions satisfy the Neumann
boundary conditions.

We now consider inhomogeneous stationary temperature distributions.
We shall first study distributions with one cold section for 0 < y < y_ and
one hot section for y, < y < y, . The distributions in these sections are given
by

T(y)=(—2H)"?cosh y for 0<y<y (33)

T(y)=T,- [2(% - H)JI/ZCOSh()’L = Ye) for y.<y<y, (34

These solutions are indeed of the form given in Egs. (2.15) and (2.16),
respectively. Moreover, they satisfy the Neumann boundary conditions, Eq.
(2.12). The amplitudes, which depend on the “conserved” quantity H, have
been chosen such that Eq. (2.9) is satisfied in both sections. An immediate
consequence of Egs. (3.3) and (3.4) is that these solutions only exist if

H<O0 and H < ¢, (3.5)
At the transition point y, between the cold and the hot sections the
temperature is equal to T, [cf. Eq. (2.19)], and hence
(—2H)cosh y, = T, = T, —[2(¢, — H)]"*cosh(y, — y.) (3.6)
It follows from the second equality that
T,>T, (3.7)

which is the condition for the existence of two maxima in the potential. The
inhomogeneous solution therefore only exists for currents such that the
potential has two maxima.

Solving y. and y; — y, from Eq. (3.6) one obtains

Y, = arc cosh[(¢C/H)l/2] (3.8)

yL-—yc=arccosh{[(q§h—-¢c)/(¢h— H)]l/z} (3.9)
where

¢ =¢(T,) = — 4T (3-10)
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It follows from these equations that
H > ¢, (3.11)
Adding Egs. (3.8) and (3.9), one obtains
v = arccosh[(qﬁc/H)l/z] + arccosh {[(th R NAC H)}l/z}
= arccosh{[ — H(s, — H)] "*(H +1T.1,)) (3.12)
where we used the addition theorem
larccosh x + arccosh y| = arccosh[xy * (x* - l)l/z(y2 - 1)1/2] (3.13)

Equation (3.12) for H may be solved by inversion and one obtains one
solution

H(I; L)y=H(z; y;)
_ —1
= — Tcz[l + zsinh’, + (cosh y,)(1 + z*sinh%,) 1/2] (3.14)
where we have introduced the variable

2T 24T, 2gT./ Ry \ /2
c _ qc=>1=( ‘]c/ 0)
T, RyI? -2z

z(I)=

(3.15)

The solution has been chosen consistent with the inequalities given in (3.5)
and (3.11). In terms of the new variable one has

¢y =2T%2(1 - 2)? (3.16)

Note that for the inhomogeneous solution, T, > T,; consequently, —1 < z
< 1, while furthermore sign¢, = signz.

Substituting the solution (3.14) into Egs. (3.8) and (3.9), one obtains
for the lengths of the cold and the hot sections

Ye(z3y0) = %arccosh{zsinhﬁi + (cosh y,)(1+ zzsinhﬁz,_)l/z] (3.17a)

. — (z; y.) = Larccosh| —zsinh%, + (cosh y,)(1 + z?sinh%, 12
L= Ye(200) =3 ( yi)
(3.17b)

where we have used Eq. (3.13) for x = y. It follows from these equations
that

Ye(Z 71) =L = ye(— 2 1) (3-1%)
This implies that the transformation z = —z, i.e., /> I' = I[(I’R,/qT,) —

117'/2, interchanges the length of the hot and the cold sections. Note that
for z = 0 the length of the hot and the cold sections are both equal to 1y, .



222 Mazur and Bedeaux

This relation suggests the introduction of the following parameter:
Yy=2,/y,—1 with —1<y<1 (3.19)
This implies that
Ye=3(1+v)yr and  y -y =30-7)n (3-20)

It follows from Eq. (3.17) that signy = sign z. Using Egs. (3.13) and (3.17a)
and the identity |arc sinh x| = arc cosh{(x? + 1)!/?], one then obtains

Y(z; y.) = (1/y,)arcsinh(z sinh y;) (3:21)
This parameter is an antisymmetric function of z,
Y(z5p) = —v(—2; y1) (3.22)

which is equivalent to Eq. (3.18).
The voltage difference between the end points of the wire for the
above solution is given by [cf. Eq. (2.20)]
V(I L) = IR(A/9)'*[ yr. = ye(25 y1) ] = HIRGL[1 = ¥(2 1) ]
= %IROL[I — (1/y,)arcsinh(z sinh yL)] (3.23)
One may immediately evaluate the value of V in the following three cases,

corresponding to z = —1, z=0, and z > 1:

V(I=(qT./Rp)""% L) = L(4T.R)'* = LRI (3.24a)

V(I=(29T./Ro)"/* L) = L(1qT.Ro)"* = { LRyl (3.24b)

lim V(I;L)=0 (3.24¢)
I—>e0
It follows from Eq. (3.23) and the antisymmetry of y [Eq. (3.22)] that
V(I;L)/1+ V(I';L)/I' = R,L (3.25)
with
I'=1[(PRo/qT,) = 1] (3.26)
The derivative of ¥ with respect to I is given by
& _V_lppdo
dl Fi 21R0L dl Y(Z’ .yL)
v AN . -1/2
- —RO( 3) (sinh yL)[(l — z)(1 + z%sinh,) } (3.27)

One may again evaluate dV /dI in the three cases corresponding to z = — 1,
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z=0,and z = 1:
av 2

Ll = R,L|1 — = tanh 3.28a
dl |1-qr/ro? ° ( [ yL) (3:282)

dv 1 .
= = R,L{1 — —sinh 3.28b
dl |1=qT./ Ry 0 ( Jr o )’1,) ( )

. dV

It follows furthermore from Egs. (3.27) and (3.23) that

dv/dl < V/I < RyL (3.29)

One may also show a stronger inequality for z > O:
dv/dI <0  for I >(2T.q/Rp)"? (3.30)

This inequality follows by proving the fact that (d/dz)(dV/dIl) >0 for
0 < z <1 and by observing that dV/dI approaches zero [cf. Eq. (3.28¢c)]
for z—> 1.

It is interesting to consider in more detail the behavior of the solution
for z, — 1, ie., TR\ T, or IL(qT./Ry)'/* In this limit the voltage [cf. Eq.
(3.20a)] approaches the value of the voltage for the homogeneous solution
[cf. Eq. (3.2)] for the same value of the current. Consequently, the point

I=(qT./Ry)"% V= L(qT.Ry)"? (3.31)

is a bifurcation point in the /- ¥ characteristic. As follows from Egs. (3.28a)
and (3.7), the two branches for the inhomogeneous and the homogeneous
solutions approach the bifurcation point from a different direction. One
may show that the temperature distributions of both the inhomogeneous as
well as the homogeneous solution become identical at the bifurcation point
1¢(qu[1;1;1<0)'/2 =T 32

Finally we consider inhomogeneous solutions with more than one cold

or hot section. Solutions of this nature may easily be constructed by
considering an inhomogeneous solution of the type given above on a wire
of length L/n, where n is an integer. By repetition of this solution on the »
segments of the wire of length L, one obtains a solution with several hot
and cold sections which satisfies the boundary conditions. The solutions are
periodic with a period 2L/n. One may easily show that such periodic
solutions are the only inhomogeneous solutions that exist (cf. also Ref. 1).
Most of the properties of the periodic solutions for n > 2 are directly
related to those for n = 1. In particular, the value H, for these solutions is
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given by
H(I;L)= H(z; y./n) (3.33)
in terms of the solution given in Eq. (3.14) for the n = 1 case.

The voltage difference between the end points. of the wire for the
periodic solution is given by [cf. Eq. (2.20)]

Va(I; L) = IR/ q)'*[ yr = mpe(z5 yo/m)]
= HIRL[1 = v(z; ./ m)]
= %IROL{I - —yllzarcsinh[z sinh(yL/n)]} (3.34)

The derivative of I, with respect to becomes

an Vn }\ 172 : .yL 2. 2 .yL —1/2
7 = T —nRO( 5) (1 - Z)(Slnh 7)(1 + z*sinh -’;—) (3.35)
It follows as in the n =1 case that all periodic solutions converge to
the homogeneous solution at the same bifurcation point given by /
= (qT./Ry)"/* V = L(gT.R,)"/? in the I-V characteristic. Instead of Eq.
(3.28a) one now obtains
av,
di

= RDL(I — 22 unh Zﬁ) (3.36)
YL n

I=(qT./Re)'/*

so that all branches approach the bifurcation point from a slightly different
direction. In the limit n— oo one finds
. dV
lim =~ = —R,L 3.37
w50 dI |im(qr./ Ryt ° (39
One may also study the behavior of the solutions for #— oo for all
values of the current larger than (g7,/R,)"/2 Using Egs. (3.3), (3.4), (3.14),
and (3.17), with y, /n instead of y,, it follows that
nli)ngo T(y)=T, (3.38)
The n— oo value is therefore again homogeneous and is the analog in the
present case of the unstable homogeneous solution discussed in Ref. 1. It
should be emphasized, however, that T(y) = T, is not a real solution of Eq.
(2.7). Using Eq. (3.34), one finds

lim V,(I;L) = IR,LT,/ T, = qLT./ 1 (3.39)

which determines this limiting /- V" characteristic.
If one chooses the current such that z =0, ie, I =Q27T,q/ Ro)l/ 2 it
follows from Eq. (3.34) that

V(I=(2T.q/Re)"* L) =$LQ2T.qRy)"*=1LRJ  (3.40)
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o

Fig. 2. The iI-V characteristics for Neumann boundary conditions. The length of the wire
has been chosen such that y, = 6. The dashed lines correspond to the homogeneous solutions.
The solid lines correspond to the inhomogeneous solutions for n=1 and n = 2. The dash-
dotted line corresponds to the #— co limit.

This implies that all characteristics cross each other at the point 7
=(2T.q/Ry)"? V=1L1LQ2T.qRy)"? Tt follows from Egs. (3.34), (3.35),
and (3.40) that the derivatives at this point are given by

dv, (

=Lr,.L

. YL
- 1—2Lsmh—) 3.41
dl |1-erq/ry 2 n G40

JL
In view of the fact that the function y~' arcsinh(|z|sinh y) is a monotoni-
cally increasing function of y for 0 <|z| < 1, one has
Vour(1)> V(1) for 0<z(I)<1 (3.42)
Vo)< Vy(I)  for —1<z(I)<0

The corresponding I-V characteristics are plotted in Fig. 2 for the n = 1,2
and n— oo solutions, choosing a small value of y, .

4. STATIONARY STATES FOR DIRICHLET BOUNDARY
CONDITIONS ‘

Let us now study the solutions of Eq. (2.7) with Dirichlet boundary
conditions, Eq. (2.13). In this case there is only one homogeneous solution

T(y)=0 with V=0 (4.1)

In addition, inhomogeneous solutions exist.

We shall now consider solutions with cold sections for 0 < y < y, and
Y. — ¥. <y <. and a hot section for y, < y < y, — y. which are symmet-
ric around the center of the wire. The temperature distribution for these
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solutions is

T(y)=(2H)"?sinh y, for 0<y<y (42a
) ) y y <y (42a)
= Th—[2(¢h—H)]l/zcosh(%yL—y), for y, < y <y, —-y.
(4.2b)
= (2H)"?sinh( y, ~ y), for yp—y.<y<y
(4.20)

These solutions are ‘again of the form given in Egs. (2.15) and (2.16),
respectively, and satisfy Dirichlet boundary conditions, Eq. (2.13). The
amplitudes, which depend on the “conserved” quantity H, have been
chosen in such a way that Eq. (2.9) is satisfied everywhere in the wire. At
the end of this section we shall show that all inhomogeneous solutions for
Dirichlet boundary conditions are of the form given in Eq. (4.2). A
consequence of Eq. (4.2) is that these solutions only exist if

0< H< ¢, (4.3)

It follows from this inequality that 7, > 2T,. At the transition points y, and
¥y. — . between the hot and the cold sections the temperature is equal to
T, [cf. Eq. (2.19)], and hence

(H)*sinhy, = T, = T, — [2(¢, — H)]*cosh(Ly, — y.) (44)
Solving y, and 1y, — y. from this equation, one obtains

ye = arcsinh[ (—¢./H)"/?| (4.5)
1/2
1, - P T %
> VLT Ve arccosh{( g H) } (4.6)
Adding the last two equations, one obtains

1 . ¢\ o — ¢\’
5)’1,=arcs1nh{(—~ﬁ) (¢h—H) }

= arcsinh{ [ H(¢; — HY]"V(H + IT.T,)} 4.7

+ arccosh

where we have used the identity
arcsinhx * arccosh y = arc sinh[xy + (x2 + l)l/z(y2 - 1)1/2] (4.8)

Equation (4.7) for H may be solved by inversion and one obtains two
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solutions for each value of the current:

H,=T? {zcoshz(yL/Z) -1

+ sinh( y, /2) [zzcoshz(yL/Z) - 1]1/2} B (4.9)

which are real and positive [cf. Eq. (4.3)] if

Z(I) = 1 - 2Tc/Th = 1 - 2ch/1{0]2 > COSh—l(,yL/z) = Zmin (410)
Substituting £ into Eq. (4.5), one obtains
y- =4arc cosh{z cosh’(y, /2)

= sinh( y, /2) [ 2cosh(y, /2) — 1] "} (4.11)

where we used the identity [arcsinhx|= 1 arccosh(2x”+ 1). Using Eq.
(3.13), one may easily show that

Ve ¥y =3y (4.12)
This formula implies that the total lengths of the cold and the hot sections

are interchanged if one goes from the minus to the plus solution. It also
follows from Eq. (4.11) that
+

0<y <y <y <in (4.13)
We introduce again a parameter v,
YE4yF/y, —1=~4p /[y, +1  with 0<y<1 (414
This implies that

Yo =ky(127) (4.15)
It follows from Eq. (4.11), using also Eq. (3.13), that
y = (2/y,)arccosh| z cosh( y, /2) ] (4.16)

The voltage difference between the end points of the wire is given by
[cf. Eq. (2.20)]

V= IRy(\/9)*(y. = 2F) = $IRL(1 T v)
= HR,L{1 % (2/y,)arccosh] z cosh(y,/2)]) (4.17)

It follows immediately that
V*t4+ V™ =IR,L (4.18)
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One may evaluate the voltage for z— 1 and one finds
li vV, Ly/1{=1 e .1
lim [V=(55L)/1] = 4 RoL(1 7 1) (4.19)

The two solutions become identical for the lowest value z
(4.10)]. The corresponding value of the voltage is given by

V(1= 4T,/ Ro)*[1 = cosh™'(3,/2)] ", L)

of z [cf. Eq.

min

= LIR,L

]

_ —1/2
YL(29T, Ry '*[ 1~ cosh™'(y,/2)] (4.20)
The derivative of ¥ with respect to the current becomes

+ + 1/2 —-1/2
av- _ V" ; 2R0(—2-) (1- z)(cosh —);—L)(zzcosh2 % — 1)

(421)

For z—1 one may again evaluate this derivative and one obtains, using
also Eq. (4.19),

o DV VE _Lg s
113}0 dl 11-1»123 I ZRDL(1+ D (4-22)
At z = z_,; one finds
-1
A ( . ) - (4.23)

The current has a minimum as function of the voltage for the voltage given
in Eq. (4.20). One may prove the following inequalities:

dv*/dl <0 and 4V~ /dl > R\L (4.24)

These inequalities follow by proving the fact that +(d/dz)(dV = /dIl) >0
for z,,, <z <1 and by observing that dVV'* /dI approaches zero while
dv = /dl approaches RyL for z—>1. It may be concluded from these
inequalities that for Dirichlet boundary conditions the current is a single-
valued function of the voltage for V' > 0. The corresponding /- ¥ charac-
teristic is plotted in Fig. 3.

We shall now prove that solutions of the form given in Eq. (4.2) are the
only existing inhomogeneous solutions for Dirichlet boundary conditions.
In view of the fact that the temperature is equal to zero at y = 0, the section
adjacent to y = 0 is necessarily cold and has the temperature distribution
given in Eq. (4.2a) for 0 < y < y,, where y, is the first transition point
along the wire. Similarly, the temperature for y. < y < y,, where y_ is the
last transition point along the wire, has the form given in Eq. (4.2¢). Since
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qL./R,

Fig. 3. The /-V characteristic for Dirichlet AR

boundary conditions for y, = 6. The dashed lines o . y
correspond to the homogeneous solution and the E EU E; / L |

solid line to the inhomogeneous solution.

T(y.)=T(y))=T,, it follows that y. = y, — y. as in Eq. (4.2c). It remains
to be shown that no transition points exist for y, <y < y, — y.. This is
equivalent to showing that no cold section can exist in this region. Assum-
ing such a cold section to exist, the solution must be of the form

T(y)=(—2H)"?cosh[ y — 3(y + )] (4.25)

where y/ and y”, are the transition points at the end of the cold section.
Note that the amplitude is always determined by the constant value of H.
Since H is necessarily positive according to Egs. (4.2a) and (4.2¢), and
would have to be negative according to Eq. (4.25), it follows that no cold
section can exist for y. <y <y, — y,. Consequently, the wire is hot for

Ve <y <yp —y. and the solution must have the form given in Eq. (4.2b).

5. DISCUSSION: THE LONG WIRE

In the preceding sections we have derived analytic expressions for the
nonuniform stationary-state temperature distributions as well as for the
corresponding /- ¥ characteristics. This has been done both for Neumann
and Dirichlet boundary conditions. This analysis has been performed for
all values of the length of the wire. In practice, however, the wire is usually
long in the sense that

L>(\/¢) ey, >1 (5.1)

A typical value of y, is 50.9 It is therefore of interest to discuss the nature
of the I-V characteristics for this case in more detail.

We first consider inhomogeneous solutions for Neumann boundary
conditions with periodicity n = 1. Using Eq. (3.21), one has in the limit of
an infinite wire

lim y(z; y,)=signz for z#0 (3:2)

Vi >
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Therefore one finds in the same limit [cf. Eq. (3.23)]
y}gnw [ V(I, L)/L] = 1IRy(1 — signz) for z+#0 (5.3)

This implies that for z >0, ie., I > 29T,/ RO)‘/ 2 the I-V characteristic
becomes identical with the one for the uniform zero-temperature solution.
Similarly, for z < 0, i.e., (qT,/Ro)"/* < I < (2qT,/ Ro)"/?, it becomes identi-
cal with the one for the homogeneous T(y) = T, solution (cf. also Fig. 4).
The asymptotic behavior is given by

y(z; yp) =signz(1+ y; 'Inlz])  for |z|e > 1 (54)
and for the voltage
V(I;L) = %IROL[I — signz(1 +y;11n|z|)] for |zle»1 (5.5)

In order to study the behavior of the I-¥ characteristic for very small
values of z it is convenient to consider the behavior of z(y; y,) for large
values of y,. Inverting Eq. (3.21), one finds

ylim z2(y; y) = yliﬂr}n (sinhyy, /sinh y,) =0  for |y|#1 (5.6)
7 —> 00 L >0

Similarly, one finds [cf. Eq. (3.15)]

lim (v pp) = lim {29T./Ro[1 - z(¥; )

yL—)oO
=(2qT,/Ry)"* for |y|*#1 (5.7)

We note that keeping y constant is equivalent to keeping ¥ /IL constant.
Equation (5.7) implies that the -V characteristic has a horizontal section
where V/L varies between zero and (2¢T.R,)'/%, where I has the value
given in Eq. (5.7) (cf. Fig. 4). This section of the /-V characteristic
corresponds essentially to the coexistence of two homogeneous phases, one
cold (T =0) and one hot (7' = T, = 2T,), with variable relative lengths.
The asymptotic behavior is given in this case by

2(y;y ) =e Umn— et for (1~-|yhy,>»>1 (5.8)

1 DBC

I
N

Fig. 4. The I-V characteristics in the long-wire limit.
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and for the current
I(y; yp) = (2¢]TC/R0)1/2(1 +le Ummn il_e_(l"'}’))’L)
for (1 —|y|)y,>1

For n > 1 the same analysis remains valid if one replaces y, by y, /n.
For Dirichlet boundary conditions we use Eq. (4.16) and find [see also
Eq. (4.10)]

(5.9)

lim y(z; y)=1 for z> lim z ;=0 (5.10)

YL >0 YL >0

For the voltage [cf. Eq. (4.17)] one thus obtains
yl@w[vi(l;L)/L] =1IRy(1F1) for z>0 (5.11)

The I-V characteristic for ¥'* therefore becomes identical with the one for
the uniform zero-temperature solution, while the V'~ characteristic be-
comes the one for the uniform T(y)= T, solution, both for I
> (24T./ Ry)"/? [cf. Fig. 4]. The asymptotic behavior is given by

y(z;y)=1+@2/y)Inz  for ze/*>1 (5.12)
and for the voltage
VE(LLy=3IR{1F[1+(2/y)lnz]}  for zen/?»1 (5.13)
For very small values of z we consider the following limit:
y}gnwz(y; yo) = yliinw [cosh(3yy.)/cosh(fy, )] =0  for y=+1
(5.14)
and similarly [cf. Eq. (5.7)]
im I(y; y)) = (2qT,Ry)"> for y=#1 (5.15)

yL>0

Therefore the I-V characteristic has precisely the same horizontal section
in this limit as in the Neumann case (cf. Fig. 4). The asymptotic behavior is
now given by

Z(y; y)=e T4 omOR/2 for L(1—vy)y,>1 (5.16)
and for the current
I('Y; )= (2ch/R0)l/2(1 + %e‘(l—v)yL/Z + %e“(H"/)yL/Z)
5.17
for (1 —vy)y,>1 (-17)

It is interesting to note that the limit y, - co may be compared to the
so-called thermodynamic limit in equilibrium statistical mechanics. In
equilibrium statistical mechanics it is necessary to take this limit in order to
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obtain the nonanalytic behavior of thermodynamic functions correspond-
ing to equilibrium phase transitions. In the present case one must take the
analogous limit y, = oc in order to obtain the nonanalytic behavior of ¥/ L
as a function of I corresponding to a “dynamical phase transition.”

APPENDIX

In this appendix we consider the slightly more general model for which

the resistivity is given by
R(T)= R, + jRysign(T - T,) (AD)
where R, and R, are positive constants such that 2R, > R,. If 2R, = R,

this model reduces to the one considered in the text. It is convenient to
introduce the following parameter:

z(1)=(2R,/Ro)(1 - 4T,/ I’R,)
=1-2T. - T)/(T,~ T}) (A2)
where
T, = q 'I*(R.— iRy), T,=q TR, +1Ry) (A3)

For the model in the text T, =0and T, = ¢~ 1I?R,; consequently z reduces
to the parameter introduced in Eq. (3.15). One may easily verify that the
equation for the stationary state can be written as

d2 2Rc -t .
LS AT(p) = AT(p) + T.| == ~z| [z+signAT(y)] =0 (A4)
dy Ry
where
AT =T~ T (AS)
For 2R, = R, this equation is equivalent to Eq. (2.7) used for that case. One
may now easily verify the following theorem:

Theorem. If AT(y) is a solution of Eq. (A4), then

, _ (ZRC/RO) — Z _ Ir' 2
AT =~ GR /Ry vz 2T = (7) AT(y) (A6)
is also a solution of Eq. (A4) with 2z’ = —z.

This theorem is in general only useful for Neumann boundary condi-
tions, which will also be satisfied by T" = AT’ + T, if they are satisfied by
T = AT + T,. This is not the case for Dirichlet boundary conditions. In the
transformation given in Eq. (A6) the lengths of the cold (AT < 0) and the
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hot (AT > 0) sections are interchanged. This is the “symmetry relation”
given in Eq. (3.18).

Explicit solutions for the more general model, Eq. (Al), may easily be
constructed by appropriately modifying the analysis in the text. In fact, Eq.
(A4) may be rewritten in the form

%[T(y)— T]-[T(») - T)]
(T, = T)O(T(y) ~ Ty) = (T.— T;)) = 0

This equation is identical with Eq. (2.7) if one replaces 7, Tj, and T, by
(T =T, (T, — T), and (T, — T)). The subsequent results may easily be
modified accordingly.

In the general case also the cold section contributes to the voltage
difference between the end points of the wire. This results in the existence
of a second bifurcation point for Neumann boundary conditions for

I=[qT,/(R. = 1Re)]"? V=L[qT.(R —}Rp)]"

(A7)

(note that z = 1 at this point). The other bifurcation point is given by
I=[qT./(R +1Ry)]"%, V=L[qT.(R. + 1Ry)]"?

(z = —1 at this point). For the model treated in the text the first bifurcation
point vanishes at infinity (/— 0 and V' —0).
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